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ABSTRACT 

We establish the general formalism for constructing metrics of Calabi-Yau (p + l)-folds 
in terms of that of a p-fold by adding a complex-line bundle. We present a few explicit 
low-lying examples. We further consider holomorphic linearization and obtain the six- 
dimensional analogue of the Gibbons-Hawking instanton. Whilst the Kahler potential for 
the Gibbons-Hawking instanton is given by the harmonic function of a three-dimensional 
flat space, for the generalized solution it is related to the harmonic functions of certain 
three-dimensional non-flat spaces that are direct products of R and two-dimensional Kahler 
spaces. 



1 Introduction 



Six-dimensional Calabi-Yau (CY) manifolds [HO [3] play an important role in string theory, 
since they provide natural internal compactifying spaces, giving rise to four-dimensional 
theories that preserve one quarter of the ten-dimensional supersymmetry. It is thus of great 
interest to construct explicit metrics on Calabi-Yau manifolds. It can be argued however 
that such metrics are typically either non-compact or singular. Recently metrics on Calabi- 
Yau 3-folds were constructed from a generic hyper-Kahler space in D = 4 by adding a 
complex-line bundle [3J. (See also [5].) In this follow-up paper we generalize the result to 
give the general recursive relation of constructing the metrics of Calabi-Yau (p + l)-folds 
in terms of a p-fold. The metrics of Calabi-Yau (p + l)-folds are obtained by deforming 
the Kahler potential of the Calabi-Yau p-fold with a function G that satisfies a single basic 
equation. We establish the general formalism in section 2. In section 3, we present a few 
explicit low- lying examples including p = 1, 2 and 3. 

A major addition in this paper is the systematical study of the holomorphic lineariza- 
tion suggested in [6l [5]. The basic equations for the function G in the construction are 
increasingly non-linear and more difficult to solve for larger p. The case for p = 1 is special, 
leading to a Kahler potential that depends on a harmonic function of three-dimensional flat 
space. The resulting metric is the Gibbons-Hawking instanton. In section 4, we consider 
holomorphic linearization for p = 2, where the non- linear terms in the basic equation of 
G vanish. This restricts the possible CY2 bases, which turn out to be determined by the 
solutions of the two-dimensional Liouville equation. For certain choices of special solutions, 
the function G becomes a harmonic function of a certain three-dimensional non-flat space 
that is a direct product of R and a two-dimensional Kahler space. We conclude our paper in 
section 5. In the appendix, we present a rather general solution that unifies the two special 
examples presented in section 4. 

2 The construction 

In this section, we present the metric construction for the CY (p+ l)-folds from CY p- folds. 
This is the generalization of [JJ [5] where p = 2 were discussed. Let us consider a generic CY 
p-fold with the complex coordinates z 1 , z % (i = 1, . . . ,p) and the Kahler potential Kq(z 1 ,z 1 ). 
The metric is given by 

ds 2 = 2g i jdz t dz° , g fj = ^didjKo = g- j{ . (1) 
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Since it is Ricci flat, the Ricci form TZ^ 1 ' 1 ^ vanishes. In fact, the Ricci-form is given by 

ftC 1 ' 1 ) =iBB\ogVv = o, (2) 

where V = det^j) 2 is the volume factor and d and d are the Dolbeault 1-form differential 
operators defined by 

8 = dz i 8 z i, 3 = dt d& . (3) 

The equation ([2]) implies that log V is the real part of a holomorphic function, or equiv- 
alently, V can be the norm of a holomorphic function. There is no unique choice for the 
complex coordinates and we can always make a holomorphic coordinate transformation 
z l — > z t% = f l (z J ), under which the volume factor transforms as 

V^\T\~ A V, (4) 

where 

The Jacobian T can be any holomorphic function. Thus we can always set V = 1 by 
choosing appropriate complex coordinates. We shall do this for later convenience. 

Let us assume that the complex vielbein for the CY p-fold are e a , e a (a = 1, . . . ,p), then 
the Kahler form and holomorphic (p, 0)-form are given by 

J(i,D = l _^a A ~a ) fj(P,0) = g 1 A • • • A e p . (6) 
We now use this structure to construct a CY (p + l)-fold. The metric ansatz is given by 
s 2( P +i) = dsl p 



d 4(v+i) = d 4 P + h2 d y 2 + h 2 (da + A) 2 



= (S al + G a - b )i a ~e b + h 2 dy 2 + h~ 2 (da + A) . (7) 

The metric components are the functions of the y, z l , z l coordinates, but are independent of 
the coordinate a, which is a manifest Killing direction. Thus the metric ansatz assumes at 
least one Killing direction. The metric components appearing in the ds 2 p part are defined 
by 

ddG = dz i A dz j didjG = e a Ai b tJld^G = G ai e a A i b , (8) 

where e a is the inverse complex vielbein. Note that if we replace G by Kq in ([8]), we have 5 a i 
instead of G a i. Thus the ds 2 ^ in (J7|) is obtained by deforming the original Kahler potential 

Koiz*,?) to^ (z\^) + G(y,z 4 ,z 4 ). 
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The ds\ v can be diagonalized by a local SU(p) transformation U a b (z l , z l ), namely 



U [S a l + G ab ) C/t = diag{Ai(*«, z% \ p {z\ z 1 )} . (9) 

We further suppose that the complex structure of the CY p-fold is part of complex structure 
of the CY (p + l)-fold. This implies that the complex vielbein of the CY (p + l)-fold is 
given by 



(10) 



e b = ^2y/h?(rf)£, e (p+1) = e iK (hdy + ih~\da + A)) 



where k = n(a,y, z l , z l ) is a real function. Correspondingly, the Kahler form and the 
(p + 1, 0)-form for the CY (p + l)-fold are given by 



e 1 + --- + e p Ae p + e (p+1) Ae (p+1) : 



{Kb + G a i)~e a A e 6 + dy A {da + A) , 



(11) 



(P+1,0) = e i A ... Ae P Ae (P+i) =/ e i «e 1 a--- M p A{hdy + ih^{da + A)) , (12) 



where 



/ = ^AT^ = ^det(5 ai + G al ) . (13) 

The requirement that the metric ([7]) be Calabi-Yau becomes the requirement that the 
above Kahler form and (p + l,0)-form are both closed. Analogous to the derivation in [3], 
we find that dJ = implies that 



A 



■0 - d)d y G + X(y, Zi, Zi) dy . 



(14) 



Note that the vanishing of d£l implies that A is a pure gauge and can be set to zero as shown 
in [3]. Let us denote g = f /i" 1 in the following. Two classes of solutions emerges for the 
Calabi-Yau (p + l)-fold metrics, corresponding to taking either k = a or k = 0. They are 
summarized as follows 



Class I: < 



k = a . 



g = exp (-\d y G) , 
I ^,[exp(-i^G?)] =2det(* a5 + G a5 ); 



(15) 



and 



Class II: 



K = 0, 
5=1, 

[ d 2 y G = -4det(5 ai + G a - b ) 



(16) 
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3 Low- lying examples 



3.1 p=l 

Locally, the CY1 metric is flat, namely 



ds 2 = dzdz . 



(17) 



The Kahler potential is given by Kq = zz. A proper complex vielbein is given by e 1 = dz 
and e 1 = dz. 

We first considered the k = a case. The system is determined solely by the following 
equation for G 



0„ 



ex P I ~n d y G 



2(1 + Gil) ■ 



(18) 



It is more convenient to use g 2 as the basic function in this case. The basic equation becomes 



d 2 Jg 2 ) + 4d z d- z log(g 2 ) = 0. 



The corresponding CY2 metric is given by 



ds 2 = -d y (g 2 ) dzdz + -g- 2 d y {g 2 ) dy 2 + 



9 2 d y (g 2 ) 



da-\ — (d — d) log(g 2 



(19) 



(20) 



The general solution for (|19p is unknown. A simple way to obtain a special solution is to 
consider the separation of variables. It is straightforward to show that the resulting metrics 
are either IR 4 or the Eguchi-Hanson metric. 

We now demonstrate that the super symmetric limit [71 [9] of the Ricci-flat Plebanski 
metric [TU] is contained in (|19|) . The metric is given by 



ds2 = + + _ ji4>? + (# _ ii4>? (21) 

4A X 4A y y - x y-x 

where 

A x = -x 2 + fi , A y = y 2 - v . (22) 

The coordinate x is compact lying within \—y/Ji, yfp\ and the coordinate y is non-compact 
lying in \y/v,oo). The metric is singular at y = x, since we have 

384(/x - v) 2 



Riem 

(y ~ 

but this curvature singularity can be avoided by requiring fi < v. 
The complex vielbein is given by 



(23) 



e 1 = ^ 



y-x 

4A X 



dx + i 



A, 



y-x 



-(dip - yd(j>) 



e 2 = ^ 



' y-x 

4A„ 



dy + i . 



A, 



— {dip — xd<p) 



(24) 



- y ]/ y- X 

Note that the complex vielbein is defined up to a local SU(2) transformation e a — > U£e b . If 
we take 
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1 



^/A x + A„ I o 
then we get an expression as following 




/ A7 



(25) 



! / (y - x)A x Aj / / dy \ . /(y - x)Aa;A y 

_1 V A. + A, « 



4(A :E + A y ) VA X A y 



e 2 = e 2 ^ 



* -ur ■ d !l} ■ h A : ' A * (W - rX < • !lX 



I4(A X + A y ) y y y-s V A a . + A y 

This form can be directly related to our initial ansatz, namely 

y 2 = ^A x A y , y = , a = 2^ , z = x 1 + irc 2 , x 2 = 

1 , ( x 

x\ 



d<t> 



(26) 



— — arctanh ( — — ] — arccoth ( 



(27) 



It is now straightforward to verify that g 2 satisfies (|19|) . 

We now consider the second case, corresponding to k = 0. The solution is determined 
solely by the following basic equation for G 



d 2 G + 4(1 + G n ) = 0. 



(28) 



Note that this equation implies that (G + 2y 2 ) is a harmonic function of the flat three- 
dimensional space ds 2 = dy 2 + dzdz. Thus G can be solved completely, giving rise to the 
metric 

2 



ds 2 = f 2 dzdz + f 2 dy 2 + f~ 2 



da — -(dzd z — dzdz)d y G 



f (dx 2 + dx 2 + dx 2 ) + r 



da + - {dx 2 d Xl - dx±d X2 )d X3 G 



(29) 



where z = x\ + 1x2 and 2:3 = y. This is exactly the Gibbons-Hawking instanton 

ds 2 = V' l (da + Aidxi) 2 + V dxidx t , (30) 

with V = f 2 , and the gauge fixing of ^3 = by redefinition of a. It is straightforward to 
verify that 

didiV = 0, OiV = e ijk d j A k . (31) 
Thus the most general solution for the second case is the Gibbons-Hawking instanton. 



3.2 p = 2 

The general formalism and many examples of p = 2 was discussed in [JJ. Here we shall 
demonstrate that a non-trivial example of cohomogeneity-two Calabi-Yau metric can be 
put into the form of the general ansatz. The local metric is given by [12] 



4A, 



x + y 



r~2 + A " 

x + y 



4A, ; 



4a 



where 



A x = x(x + d) 



2fj, 



A, 



y(S - y) + 



2^ 



(33) 



It is analogous to the D = 4 Plebanski metric. It can be viewed [13] as the partial resolution 
of the y p ' 9 spaces [HJ. 

The complex vielbein is given by 



' xy 

45> 1 + ia2) ' 



6 2 = e iT 



e 3 = e 1 



V + x . 

lA7 dx + 1 



j y + x . 
1a7 _1 



y + x 2a 



U 



1 



/e" iT \ 
e" ir 

2ir 



\ e^ lr / 
then we get an expression as following 



A 






IK, 



o \ 

/AT 

fKyj 



(34) 



Note that the complex vielbein is defined up to a local SU(3) transformation e a — > U£e b . 
If we take 



(35) 



45 (ai+lg2) ' 

1 {y + x)A x A~ f dx dy\ i / (y + z)AA 
4(A a; + A 2/ ) VA X A J 2a V A x + A & 



<r 3 



„3ir 



y + x 



4(A X + A,, 



(dx — dy) + i 



'A X +Ay 

y + x 



dr 



xA y - yA x 
2a (A x + Aj 



-cr 3 



(36) 



It is now straightforward to relate the solution to our ansatz. Making the following identi- 
fication 



dp 



a ( dx dy 



+ 



2 \A X A 



a = 3r , y 



x - y 
6 
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/ = ^, O fG + Sy = 2 -f, (37) 
we find that (g, G) satisfy 

d y g 2 = \d p ({d p G + Sy) 2 ) , 

8 y (d p G + 8y ) + 2d p log g 2 - 8 = . (38) 

It is straightforward now to verify that the basic equation (|15p is satisfied. Thus the resolved 
YP'i cone is indeed a class I solution of our basic construction, although it is hard to obtain 
directly by solving the basic equation. 



3.3 p = 3 

With the increasing value of p, the basic equation becomes more and become non-linear 
and difficult to solve. Here we shall again only demonstrate that a non-trivial example of 
previously-known Calabi-Yau metric can indeed put into the form of the general ansatz. 
The metric is cohomogeneity-2 and given by |1 1 1. [12] 



ds 2 



x + y 
4A* 



dot 1 + — 



A, 



x + y 
' 4A„ ' 



x + y 
+ 



dr + ^(d(3 + 1 2 a 3 ) 
2a 



dr 



— (d(3 + 7 2 (J3; 
la 



*y x + y 

xy (dq .l T ^22,l 2/2, 2 

a v Vq 



where 



A, 



x[x + a) 77 



A, 



_v 2u 
y(a - y) + 

y 



The complex vielbein is given by 



ir+if/3 [£& ( d>y 



a 



+ £7 V v o a s 



e lr 7 



'xy, . . 
-(a 1+1 a 2 ), 



lA7 d " + i 



ly + x 
4A„ 



A x 


f dT + 


y 


y + ir 


2a 


A, 


' dT - 


,r 


y + x 


2a" 



Making the following SU (4) transformation 



(39) 
(40) 



(41) 



U 













\ 


(\ 








\ 


1 





e~ iT 











1 








^/A X + Ay 





















^A~x 




I o 








e 3ir / 


V° 










(42) 
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we get an expression as following 




* (01 +icr 2 ) , 



3 (y + x)A x A y ( dx dy\ i (y + x)A x A y 2 



(43) 



e 4 = -e 4iT 



-(fix — dy) + i 



A x + A y i _ 



xA y - yA x 

A{A X + A y y~~ ~ a ' ' "Y y + ^ V"' 2a(A x + A y ) 
To relate to our original anatz, we make the following identification 

x-y 



(dp + 7 2 ^: 



a f dx dy 
~ 2 1 V A^ + A^ 



a = 4r , y 



.9 



2 _ x 2 y 2 A x A y a ^ _ io 2xy 



16 d 4 ' p 
We also find the following relations 

1 



d p G + 12y 



a 



(44) 



d y g 2 = ^d p [(d p G + Uyf 
d y (d p G + 12y) + 2d p log g 2 - 12 = . 



(45) 



Then it is easy to verify that g and G satisfy the basic equation (|15p. Thus this non-trivial 
CY3 metric is indeed a class I solution of our basic construction, although it is hard to 
obtain directly by solving the basic equation. 



4 The holomorphic linearization 

The main obstacle of solving the basic equations (|15h and (116p is their non-linearity. As 
shown in section 3.1, for k = and p = 1, the equation becomes linear and it can be solved 
completely, giving rise to the Gibbons-Hawking instanton. We are now looking for a subset 
of CY p- folds such that the non-linear terms of the resulting basic equations for (p+ l)-folds 
vanish. We shall focus our attention on p = 2, for which, when k = 0, the basic equation is 
given by 

8 2 G + 4(1 + G n + G 22 + GnG 2 - 2 - G 12 G 2l ) = . (46) 

If we have 

G\\G 22 — G\ 2 G 2 i = constant , (47) 
we shall be left with a linear equation just like the one in the p = 1 case. 
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An immediate example is the holomorphic linearization discussed in [6]. (See also [5].) 
In this case, the function G is of the form G = G(ui, Q, y) where u = uj{z\, z%) is an arbitrary 
holomorphic function. Then it is easy to show that Gi±G 22 — Gi 2 G 2 \ = by noting that 
Gq = LdiUijG u cj, where ojj = d Zi uj. The basic equation now takes the form 

d 2 y G = -4(1 + Gn + G 2 - 2 ) = -4(1 + £ tJidid-p) = -4(1 + f^d^G) 

a 

= -4(1 + A 4 G) = -4(1 + gVuiQjGuo) , (48) 

where A4 is the Laplacian on the four dimensional base and we have used G = G(ui,ui,y) at 
the last step. We can always take a new complex coordinate system {z\,z 2 } where z\ = uj, 
and then drop off the tilde. Therefore, the holomorphic linearization is equivalent to take 
G = G(zi,z±,y) in our general construction. In this coordinate system, the basic equation 
takes the form 

dyG = -4(1 + g^d^G) . (49) 

The consequence is that the base CY2 space is now restricted so that we have g 11 = 
g (zi, z\). As shown in section 2, we can impose V = 1 without loss of generality, for which, 
we have g 22 — 9 ■ It follows from (pQ) that the Kahler potential for the four-dimensional 
base must take the following form 

K = K^izuzi) + z 2 z 2 K^ 2) (z 1 ,z 1 ) + Kf\z u z u z 2 ) + K ( ^{z u z u z 2 ) . (50) 

The condition V = 1 becomes 

(d^K^ + d^K® + d^K^ + z 2 z 2 d^K^K^ 

-{dxdz-K® + z 2 dtK^Xd-^K® + z 2 d-^Rf) = 1 . (51) 

Performing 8 2 8 2 on the both sides, we have 

K^dxdiK^ - dxdjK^d^K^ - diR^d!^ = o . (52) 

It implies that 

K^\zi,z 1 ,z 2 ) = z 2 k 2(zi, zi) + z 2 k 1 (z 1 ,z 1 ) . (53) 

Substituting this into (|5ip . we obtain a polynomial of z 2 and z 2 that vanishes. The vanishing 
of the coefficients of all the powers of z 2 and z 2 implies that 

dtdfK^ - dih dih = 1 , (54) 

K^drfih - dxK^diki = 2d±k 2 dih , (55) 

K^dtdfK^ - diK^d-^ = \8 1 k 2 3- x k 2 , (56) 

Kfdxd-^ - 2d 1 K^ ) d 1 k 2 = . (57) 
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One class of solutions is that k 2 = 0, for which, the equation (|56j) can be solved as 
follows 

4 2) = F{ Zl )F{z{) . (58) 

The equation (|55p then implies that d\ki/K^ is an anti-holomorphic function. It can be 
shown that up to a holomorphic gauge transformation for the Kahler potential, we can also 
wi'il c ki/K^ = h{z\). By using the holomorphic coordinate transformation z\ — > Z\ and 
z 2 — > z 2 — h(z\), we can further set Kq = while preserving our ansatz. By using (I54p . 
we find 

K = H(z 1 )H(z 1 ) + z 2 z 2 F(z 1 )F(z 1 ), H( Zl ) = f -L-d Zl . (59) 

Note that the condition G = G(zi,z\,y) is equivalent to the condition G = G(H, H ,y). 
Thus we can always perform the transformation z\ = H(z\) and z 2 = z 2 F(zi) without 
violating the ansatj^- Therefore, the base space is just the M 4 and the corresponding CY3- 
fold is simply the direct product of the Gibbons-Hawking instanton and M 2 . This case was 
discussed in detail in [6j[5]. 

We shall now focus our attention on the new case with non- vanishing k 2 . The solution 
to (i57|) is given by 

d I k 2 = h 2 (z l )(Kj ) 2) ) 2 . (60) 

By the holomorphic coordinate transformation zx(zi) = J h 2 (z\)dz\ we can absorb h 2 . It is 
necessary to make a coordinate transformation z 2 = z 2 /h 2 (z±) in order to preserve V = 1. 
However this has no effect on the equations (|54p -(|57 p . Thus this transformation is equivalent 
to set h 2 = 1. Then (1561) and (1531) become 



m log*f > = 4(tff f , ft i^pj = 2d 1 k 1 . (61) 

Note that K^p can then be determined by (|54p . 

The first equation of (|61|) is precisely the two-dimensional Liouville equation. Once the 

(2) 

Kq is solved, the remaining functions follow straightforwardly. Thus, the corresponding 
CY3 space is governed in essence by the solutions of the Liouville equation. The general 
solutions to the Liouville equation are not known. In p3], many special solutions were 
given. Here, we examine two examples in detail. 



1 The two examples discussed in Sec7.1 & 7.2 of [B] are indeed the same one. The solution in section 7.2 
of [6] corresponds to take F = ^/ii in our above discussion. 
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The first example of the special solutions of the Liouville equation is given by |15j 



( } ~ 4(F( Z1 )+F( Z1 )r- (62) 



(Note that in [15] the solution is more general in that the F is replaced by an unrelated 



anti-holomorphic function to F. Here we chose it to be F so that Kq is real.) Consequently 



we have 

F' 

k 2 = -, • (63) 

A{F + F) K ' 

Up to a gauge transformation of the Kahler potential, the second equation of (I6ip implies 

m - (F'FV- 
a I A ;i =2/4 2) fc 1 = A__^A ;i . (64) 

It can be shown further that we can always fix k\ = by choosing proper complex coordi- 
nates. Thus we have 

(F'F>) 

„ft Kf + Kf („ . h , „> + iff (ft = - . (65) 

Making the coordinate transformation Zi(zi) = J F'~^dz\ and Z2 = z 2 F'^ , and then drop- 
ping off the tildes, the Kaher potential becomes 

K = 2 (Hi + HiXz! + zi) - [ Z2 { ~* 2 Z , #i(*i) = j Fd Zl . (66) 

The corresponding CY2 base is given by 

[z 2 - Z2 ) 2 F'F' 



i > 

2 



ds 2 



2{F + F) 



dz\dz\ H — =rdz 2 dz 2 



2(F + F)' i J 2{F + F) 



Z2 ~ ~ Z2)F ' dzi d Z2 + {Z2 ~ ~ Z2 1 F ' dz2 d Zl . (67) 



2(F + F) 2 1 z 2(F + F) 2 
There is a curvature singularity at F + F = 0. The proper complex vielbein is given by 

e 1 = V2(F + F)U Zl , 

_ 2 (Z2 ~ Z2 )F' 1 

e = — dzi + — —d Z2 . (68) 

V2(F + F)2 V2(F + F)2 

The metric (|67|) is in fact a special case of the Gibbons-Hawking solutions. This can be 
seen from the fact that the metric has a Killing direction (z 2 + z 2 )- To see this in detail, let 
F(z\) =u + iv, z 2 = a + iw and y = Then we find 

e 1 = 2«2 (dxx + i dx 2 ) , 
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~2 2 1 W , r j \ 1 , , . , . 

e = ^-{au + lav) -\ -(aa + iaw) 

V2(2u)^ V2(2n)5 

= — j-(da + — dt>) + \2vhdy . (69) 

The metric corresponds to the following solution of (|28|) for the function G 

(5 = -8yu^ - zifi + 2 J vh dz\dz\ . (70) 

Having obtained the CY2 base, we now only need to solve the function G in order to 
obtain the corresponding CY3. By construction, the basic equation for G is linear and given 
by 

d' ? yG + 4: + 2(F + Fy 1 did- 1 G = 0. (71) 
This means that (G + 2y 2 ) is the harmonic function on the space 

ds\ = dy 2 + 2(F + F)dz 1 dz 1 . (72) 

Note that the three-space is a direct product of K. associated with the coordinate y and a 
two-dimensional Kahler space associated with the coordiantes {z\, z\). The Kahler potential 
is given by i.e. it is given by the first term of Kq given in (|66p . Thus the nature of the 

CY3 is determined by the property of the two-dimensional Kahler space, and in particular 
by the holomorphic function F. The CY3 metric is given by 

ds 2 = fdsl + r\da + Af - 

1 , {z 2 -z 2 )F' A (z 2 -z 2 )F' ^ 

H — ; =-dz 2 dz 2 : =-—dz\dz 2 H ; =—rdz 2 dzi , 

2{F + F) 2{F + F) 2 2(F + F) 2 ' 

f2 = 1+ 2{F l +F) &ldlG = ~~S G ' A = \^ dx2d ^ ~ dxid X2 )d X3 G, (73) 

where Z\ = X\ + ix 2 and y = x%. It is straightforward to verify that we have A3/ 2 = and 
d(f 2 ) = *2,dA, where A3 and the Hodge dual *3 are defined with respect to the metric ds 2 . 
We can rewrite the new CY3 metric in the following form 

ds 2 = V'Hda + Aidxif + Vds\ - ^ 2 ~ ^^'f d z x dz x 

2(F + F) 3 

1 , (z2-z 2 )F' ^ (z 2 -z 2 )F' J 

H — ; =-dz 2 dz 2 =-rrdz\dz 2 H ; =-rrdz 2 dz\ , 

2{F + F) 2(F + F) 2 2{F + F) 2 

A 3 V = , dV = * 3 dA . (74) 

Note that in ([73]) the component A3 is fixed to be zero by appropriate shifting of the a 
coordinate. 

The metric (|74p is the six-dimensional analogue of Gibbons-Hawking instanton. It can 
also be viewed as an M 2 bundle over a four-space X4, where the bundle coordinates are 
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(z 2 , z 2 ) and the base-space coordinates are (a, y, zi,z\). The base space X4 depends on two 
functions. One is an arbitrary holomorphic function F of coordinate Z\. The other is the 
harmonic function V on a generically non-fiat three-dimensional space with the metric ds%. 
When F is a constant, the base metric is the Gibbons-Hawking instanton, and corresponding 
CY3 is the instanton appended by an M 2 . 

For non-constant F, as a simple demonstrative example, we may take F = z±, the 
analysis of z\ + zi=constant surface suggests that this CY2 metric describes the a — > 00 
limit of the Eguchi-Hanson space. The basic equation ([4"9|) becomes 



djG + 4 + 2(2i +z 1 y 1 d 1 d I G = 0. (75) 
The general solution is given by 

G = -2y 2 + £ eiCPoH***,) (a^A^u) + A p 2 ) p2 Bi(u)) , 



P0,P2 
2 _ 4 

it = Pq ^1 + v\ P 3 , zi = xi + ix 2 , (76) 

where Ai(it) and Bi(u) are the Airy functions. 

Another example of the special solutions to the Liouville equation is given by [15] 



( j -4(i-F(, 1 )m)) 2 ' ( } 

Then we have 

Up to a gauge transformation of the Kahler potential, the second equation of (I6ip implies 

1 

d l k l =2K( 2) h = f^^h. (79) 
We take a simple solution of k\ = 0, it follows that we have 



(F'F') 2 



(80) 



1 



z 2 z 2 K^ l (z 1 ,z 1 ) + K K Q >(z 1 ,z 1 ,z 2 ) + K' Q '{z 1 ,z 1 ,z 2 ) = 2 (l - FF) 4(1-FF) ' 

After the coordinate transformation zi(z\) = J F'~2dzi and z 2 = z 2 F f 2 and dropping off 
the tildes afterwards, the Kahler potential becomes 

K = 2 ( Zl zi - tfitfi) + 4F ^p^ 2 ~ Z2 , H 1 {z 1 ) = J Fd Zl . (81) 
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The corresponding CY2 base is given by 

zlF + zlF + z 2 z 2 ^ + FF\ F , p , 



+ 



2(1 - FF) + 

z 2 F + z 2 



2(1 - FFf 



dz\dz\ + 



1 



2(1 - FF) 



dz 2 dz 2 



F' dz\dz2 H — . 2 2 - „ F' 'dz 2 dz\ 



2(1 -FF) 2 1 z 2(1 — FF) 2 
There is a curvature singularity at FF = 1. The proper complex vielbein is given by 



(82) 



e 1 = V2(l -FF) l 2d Zl 
, 2 {z 2 F + 2 )F' 



1 



— dz 2 ■ 



(83) 



^(l-FF)? V2(1-FFY- 

The metric (j82|) does not have a Killing direction and hence lies outside the construction 
of p = 1 case discussed in section 3. To obtain the corresponding CY3 solution, we need to 
solve the basic equation 



dyG + 4 + 2(1 — FF) l d 1 d 1 G = 0. 
It means that (G + 2y 2 ) is the harmonic function on the space 

dsl = dy 2 + 2(1 - FF)dz 1 dz 1 . 



(84) 



(85) 



Again this metric is a direct product of M. and a two-dimensional Kahler space whose Kahler 
potential is given by the first term of Kq given by (|8ip . The corresponding CY3 metric is 
given by 

-\ 2 



ds z = fdsl + f 



da + -(dx2d xi - dxxd X2 )d X3 G 



zlF + zlF + z 2 z 2 (l + FF) .-, 



2(1 - FF) 3 
F ' dz\d~z~2 + 



F'F'dzidzt + 



1 



2(1 - FF) 2 
1 



z 2 + z 2 F 
2(1 - FF) 2 



2(1 - FF) 



-dz2dz2 



F ' dz2dz\ , 



2(1 -FF) 1 A y 



As in the previous example, we can rewrite the metric in the following form 



ds z 



V~ 1 (da + Aidxif + V dsj 



zlF + 4F + z 2 z 2 {l + FF) .-, 



2(1 - FF) 3 
z 2 F + z 2 



F'F'dz x dzx + 



2(1 - FF) 



dz 2 dz 2 



F ' dz\dz 2 H — j—— — 2 -. F'dz 2 dzi 



2(1- FF) 2 1 z 2(1 -FF) 2 
A 3 y = , ^ = * 3 d,4 . 



(86) 



(87) 



Analogous to the previous example, the metric is a generalization of the Gibbons-Hawking 
instanton. The metrics depends on two functions F and V . F is an arbitrary holomorphic 
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function and V is the harmonic function in ds%. For constant F, the metric is a direct 



'3- 

p2 



product of Gibbons-Hawking instanton and R . For non-constant F, as a demonstrative 
example, we consider F = Z\. Then we have 

G = -2y 2 + £ e ^oy +P2 e) 2 ^ rP2e -^ (xU p2 W 1 (p ,P2,r) + \$ tP2 W 2 ( Po , Pl ,r)) , 

PO ,P2 

WlOl.K.r) = U U(P2 + 1) - iV2 w , re + 1, ^-J , 

W 2 ta,p 2 ,r) = L« (B+1)+iv/5M (^), „-rA (88) 

where C/ is the confluent hyper geometric function and L is the generalized Laguerre poly- 
nomial. 

It turns out that the above two examples can be unified to give rise to a more general 
solution. The metric becomes more complicated, but the essential properties remain the 
same. We present the detail discussion in the appendix. 

There are still some other special special solutions of the Liouville equation which are 
known as functional separable solutions. The explicit forms are [15] 

{K ° ))2 = ( Cl e*i ±4cosx 2 )2 ' (89) 

^o 2) ) 2 = C }~f ■ e > 00) 

lb(ci cosnxi + C2 sm^j 

(^ 2) ) 2 = —, 4^ « • (91) 

16(ci sinhxi + c 2 cos x 2 ) 

where ci and c 2 are arbitrary constants and x\ + ix 2 = Z\. These Liouville solutions will 
lead to different CY2 bases and CY3 metrics. We shall not analyze them further. 



5 Conclusions 

In this paper, we establish the general formalism for constructing metrics of Calabi-Yau 
(j? + l)-folds in terms of that of a p-fold by adding a complex-line bundle. We present a 
few explicit low-lying examples. The metrics are determined by the basic equations for 
the function G, given by f)15|) or (|16p . The obstacle to solve these equations is the higher 
non-linearity for higher p. For p = 1, the equation for G in (|16p becomes linear and the 
resulting solution is the Gibbons-Hawking instanton. 

For p = 2, we consider holomorphic linearization and focus on subset of solutions where 
the non-linear terms in (|16p vanish. This restricts the possible CY2 base spaces, which 
turn out to be governed by a two-dimensional Liouville equation. The Kahler potential for 
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the CY3 is then given by a harmonic function in certain three-dimensional non-flat spaces, 
depending on the specific solution of the Liouville equation. We provide detail analysis 
for two such special solutions of the Liouville equation. In both of these examples, the 
metric can be viewed as a complex-line bundle over a four-dimensional space which can 
be viewed as an U(l) bundle over a three dimensional space that is a direct product of 
M. and a two-dimensional Kahler space. The two-dimensional Kahler space is determined 
by an arbitrary holomorphic function. When the holomorphic function is a pure constant, 
the three-space becomes flat and X^ becomes precisely the Gibbons-Hawking instanton. 
Alternatively, by our construction, these solutions are complex-line bundle over CY2 bases. 
In particular, the CY2 metrics (182p and (199j) we obtained are highly non-trivial in that they 
do not have Killing direction and lie outside our construction for p = 1. 

It is of great interest to investigate further our new solutions for generic holomorphic 
functions and examine the global structure of the resulting CY2 bases and corresponding 
CY3 metrics. We shall study this in a future publication. 

We expect the linearization procedure can be generalized further to higher-dimensions 
and give rise to the higher-dimensional analogue of Gibbons-Hawking instanton. 



Appendix: more general CY2 and CY3 metrics 

In section 4, we demonstrate that for some special choice of the CY2 base space, the 
function G is governed by a linear equation. The key property of the base space is that it 
is determined by the solutions of the two-dimensional Liouville equation, namely 

d^logK^ =4(Kf) 2 , (92) 

Consulting the mathematics reference book [15] . we presented two special solutions and 
discuss the resulting CY2 and CY3 metrics in details. In this appendix, we show that these 
two solutions can in fact be unified into one more general solution; it is given by 

r/ f(2K2 = ^(*l)*2(zi) ( a | l-«ft 2 

{ 0) ~ 4 \(l-aF l (z l )F 2 (z l ))^(b + F 1 (z l ) + F 2 (z 1 ) + abF 1 (z 1 )F 2 (z 1 )r 

_ FjFj (aF? + 2abF 1 + l)(aF| + 2abF 2 + 1) 

4 (i- a F 1 F 1 f{b + F 1 +F 2 + abF 1 F 2 f 

In order for the solution to be real, we shall take a, b to be real and Fi = F2 = F. For 

a = 0, the solution reduces to the special solution ([62jh When ab 2 = 1, we obtain the other 

special solution ([77]) . 

It follows from 

d l k 2 = {K^)\ (94) 
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that we have 

aF'F F'(l + abF) _ F'(2a 2 bFF 2 + aF 2 + 2a FF - 1) 

2 ~ 4(1 - a FF) ~ 4(b + F + F + ab FF) ~ 4(1 - aFF)(b + F + F + abFF) ^ ' 



Up to a gauge transformation of the Kahler potential, the second equation of (161]) implies 

dih = 2K {2) k 1 . (96) 
We take simplest solution of k± = 0, it follows that we have 

mK p = 2 , (i + r + f + BtrJf > , , (97) 

(F'F')z (a F 2 + 2 ab F + 1)2 (a F 2 + 2 ab F + 1)^ 



2 



Z 2 Z 2 #o (zi ,Zl) + (z\ ,zi,z 2 ) + (zi ,z 1 ,z 2 ) 
_ , ,-, ) i {aF 2 + 2abF + l)^(aF 2 + 2abF + l) 1 2 

Z2Z2 ^ ' 2(1- aFF)(b + F + F + abFF) 

2 , (2a 2 bFF 2 + aF 2 + 2a FF-1) _ 2 _, (2a 2 6F 2 F + aF 2 + 2a FF - 1) 

+Z 2 r — — - — = t 7-i 7=t \ z 2 r 



4 (1 - aFF)(b + F + F + abFF) z 4(1 - aFF)(b + F + F + abFF) 

After the coordinate transformation z\(z±) = J F'~2dz\ and z 2 = z 2 F f 2 and dropping off 
the tildes afterwards, the Kahler potential of the base space becomes 

(aF 2 + 2abF + l)2-( a F 2 + 2abF + l)i- 
K = 2H + z 2 z 2 > 



2(1 - a FF)(b + F + F + ab FF)_ 
2 (2a 2 bFF 2 + aF 2 + 2a FF-1) _ 2 (2a 2 b F 2 F + a F 2 + 2a FF - 1) 



+ z 2 TTi TTfWTZ , I t=i I r 7TW\ + z 2 



4(1 - aFF)(b + F + F + abF_F) z 4(l_- a FF)(b + F + F + ab FF) 

f, , (1 - aFF)(b + F + F + abFF) . . 

H(z 1 ,z 1 ) = / dzidz! ^ ^ j ^ r . (98) 

J (aF 2 + 2abF + l)2( a F 2 + 2abF + 1)2 

The corresponding CY2 base is given by 



ds 2 



2(1 - aFF)(b + F + F + abFF) \ z 2 H x H 2 * gj + z 2 h[ H£ \ 2 pl pi 

H \g^ 2(1- a FF) 3 (b + F + F + abFF) 3 

H — ; =-rz = =r azodzo 

2(1 — aFF)(b + F + F + abFF) 



dz\dz\ 



+ — Z2HiH y H 2+-^H 2 H 2 — , dzid - 2 

2(1 - aFF) (b + F + F + abFF) 
+ -,. ^"t^.^" 2 ^^- (99) 
where 



2(1 - aFF) 2 (b + F + F + abFF) 2 ' 



H l = (a F 3 + 3ab F 2 + 3 F)(a 2 b F 2 + a F) + a F 2 + ab F + ab 2 - 1 , 

H 2 = aF 2 + 2abF + 1. (100) 
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The proper complex vielbein is given by 

„! V2(l-aFF)^(b + F + F + abFF)^ 



Hi ^ 



g2 = (gg gi H 2 I Sj + z 2 Hj Hi )F' 

V2(l-aFF)l(b + F + F + abFF)^ 1 
I _ I 

+— _ 1 2 2 — = — d«a . (101) 

V2(l -aFF)2(b + F + F + abFF)2 

To obtain the corresponding CY3 solution, we need to solve the basic equation 

i _ i 

d 2 G + 4+- 2H iH* = ddG = . ( 102 ) 

y (l-aFF)(6 + F + F + a6FF) 1 V ' 

By construction, the equation is linear. In fact, it implies that (G + 2y 2 ) is the harmonic 
function on the space 

o , „ 2(1- aFF)(b + F + F + abFF) , . , 

ds\ = dy 2 + -i n ^ _ J — '-dzxdzx , (103) 

which is a direct product of R and a Kahler 2-space. The corresponding CY3 metric is 
given by 



ds 2 = fds 2 + f 



1 12 

da + - {dx 2 d Xl - dxid X2 )d X3 G 



+ 6 2 ! 2 



Him _ „ i 



/Z = ' + 2(1 - a Wjft I F + F + ab FF) ^ G = ■ ( 104) 

As in the previous special examples, we can rewrite the metric in the following form 

ds 2 = V~ 1 {da + Adxi) 2 + V dsl + e 2 ? , 
A 3 y = 0, dV = * 3 dA. (105) 



Written in this form, the metric is complex line bundle over where X± is a U(l) bun- 



die over ds 2 , which is a direct product R associated with the coordinate y and the two- 



dimensional Kahler space associated with coordinates (zi,z\). When ds 2 becomes flat, X4 
describes the Gibbons-Hawking instanton. This decomposition of the CY3 metric is differ- 
ent from the original construction, where the metric is viewed as a complex line bundle, 
associated with the coordinate (y,a), over the CY2 base metric, given by (|99p . The CY2 
metric (|99|) is highly non-trivial in that it has no Killing vector and depends on all the 
coordinates; it thus lies outside of our construction for p = 1. 
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